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Abstract: We study four-dimensional heterotic flux vacua with N=2 spacetime super- 
symmetry. A worldsheet perspective is used to clarify quantization conditions associated 
to the fluxes and the constraints these place on the moduli spaces of resulting compactifica- 
tions. We propose that these vacua fit naturally in the context of heterotic/IIA duality as 
heterotic duals to compactifications on K3-fibered but not elliptically fibered Calabi-Yau 
three-folds. We present some examples of such potential dual pairs. 
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1 Introduction 

String compactifications preserving N=2 super-Poincare invariance in four dimensions pro- 
vide a demarkation line between comparatively constrained and well-understood vacua with 
more supercharges and the murkier N=l and N=0 string vacua. In the N=2 context, many 
questions that would be boring in N>2 theories or very difficult in N<2 theories seem to be 
within grasp. One of the most powerful tools at our disposal is type II/ heterotic duality 
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in four dimensions [1, 2] ( standard reviews are [3, 4] ). The most familiar examples of dual 
pairs are of a type IIA compactification on an elliptically fibered Calabi-Yau three-fold and 
a heterotic compactification on the product manifold T 2 x K3. 

The geometries involved can be constrained further by demanding that the moduli 
space of the N = 2 theory contains limiting points with local geometry that is recognizably 
that of a well-behaved string compactification. For instance, we typically assume that the 
moduli space contains the weakly coupled heterotic string that is mapped to a large radius 
limit of a IIA compactification on a smooth Calabi-Yau three-fold Y. In this case, under 
relatively weak assumptions, one can show that Y must be a K3-fibered manifold [5, 6]. 
One might also wish to consider a situation where the heterotic conformal field theory is 
described by a large radius non-linear sigma model. In this case, the dual Y should admit 
an elliptic fibration compatible with the K3 fibration [4]. 

What happens when the heterotic worldsheet theory does not have a large radius limit? 
For instance, we might expect a generic heterotic flux compactification to have this feature; 
do such theories have type II duals? The aim of this work is to begin an exploration of these 
questions. In brief, our suggestion is that perturbative heterotic flux compactifications, 
where the heterotic three- form flux is non-trivial at tree- level in a' , should be naturally 
dual to type IIA string theory compactified on a Calabi-Yau manifold that admits a K3 
fibration but no compatible elliptic fibration with section. This article will mainly be 
concerned with the heterotic worldsheet description of N=2 vacua. Although this subject 
has been explored before, we aim to give a fairly complete and comprehensible description of 
various requirements for the existence of the vacuum, the geometric realization of certain 
required properties of the internal super conformal theory, as well the space of marginal 
deformations that preserve these properties. 

The general heterotic construction is presented in section 2. The upshot is that the 
geometric structure is a principal T 2 bundle X — > M over a K3 manifold M equipped with 
a vector bundle E — > X that admits a Hermitian Yang-Mills connection. T-duality suggests 
that the worldsheet consequences of a non-trivial T 2 fibration are similar to choosing E to 
be a line bundle over M. Since this informs much of our intuition, we review the structure 
of such instantons on K3 in section 3. 

In section 4 we turn to discuss potential IIA dual descriptions of various heterotic 
flux vacua. We present a few samples of interesting potential duals, obtained by various 
choices of fluxes. We refer to these as potential duals because at this point our evidence 
for duality might be fairly called "zeroth order" : we construct a heterotic flux vacuum 
with gauge group G = U(l) n and Njj neutral hypermultiplets and then check whether a 
known Calabi-Yau can realize such a massless spectrum. In a future work we plan to study 
more detailed checks of the correspondence, for instance by studying details of the vector 
moduli space metric and higher derivative corrections. 

Finally, in section 5 we discuss fibered WZW models and show that the heterotic pre- 
sentation of one of the earliest models figuring in IIA/heterotic duality — the ST model 
with Ny = 2 and Njj = 129 [1] — can be usefully thought of as a flux vacuum. Generaliza- 
tions of this construction will certainly lead to additional interesting examples of heterotic 
vacua. 
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2 A review of heterotic N=2 compactifications 

The worldsheet theory for a critical perturbative heterotic string compactification with a 
1 + 3-dimensional Minkowski vacuum decomposes into four non-interacting components: 
the (c, c) = (4, 6) free (0,1) SCFT describing the Minkowski directions, a unitary "internal" 
(0,1) SCFT with (c, c) = (c', 9), a left-moving current algebra with (c, c) = (22 — c', 0), and 
the (0,1) be — /?7 system with (c, c) = (—26,-15). The complete theory should admit a 
heterotic GSO projection leading to a tachyon-free spectrum and modular invariance. This 
structure is further restricted in vacua with spacetime supersymmetry. Vacua with N=l 
spacetime supersymmetry require the internal theory to be a (0,2) SCFT with integral 
R-charges [7-9], and N=2 spacetime supersymmetry, the case of interest for this paper, 
requires the right-moving superconformal algebra (SCA) to decompose into a product of a 
c = 3 and c = 6 algebras with, respectively, (0,2) and (0,4) supersymmetry [10, 11]. 

The spacetime gauge symmetry provides an important and relatively straightforward 
characterization of any perturbative heterotic vacuum. 1 There are two ways to construct 
vertex operators for the emission of spacetime gauge bosons. If we label the Minkowski 
(0,1) multiplets as (X, x), where x are the four right-moving fermions, and denote the spin 
field for the (3-j system by e _</3 , then we have, in the — 1-picture [14, 15], 

V g .b. = e~v JlX^* or V' g , K = e^dX*^* , (2.1) 

where Jl is a left-moving current (belonging either to the internal theory or the additional 
left-moving current algebra) with conformal weights (h,h) = (1,0), and ^ is a right- 
moving fermion with (h,h) = (0,1/2). The latter operator is the lowest component of 
a (0,1) superconformal current algebra (SCCA). The existence of SCCAs leads to strong 
constraints on the theory [16]. For instance, a theory with a non-abelian SCCA does not 
have any massless fermions in the spectrum, while an abelian SCCA is equivalent to a free 
compact (0,1) SCFT, and its presence implies that the compactification has a non-chiral 
spectrum; moreover, every massless fermion must be neutral with respect to an abelian 
SCCA. 

1 Additional, non-perturbative sources of gauge symmetry certainly exist [12] and have important impli- 
cations for, among other things, type II/heterotic duality [13]. 



-3- 



A unitary N=2 SCA with c=3 has a canonical decomposition into two abelian N=l 
SCCAs. This follows from a Sugawara decomposition of the generators J, G^,T into a pair 
of free fermions \P, ^ and bosonic currents dZ,dZ: 

J = G + = iV2^dZ, G~ = iy/2dZ, T = -dZdZ - + tfdtf ). (2.2) 

As a consequence of this, we immediately see that the massless spectrum of a perturbative 
heterotic vacuum with N=2 spacetime supersymmetry has two canonical gauge bosons 
associated to the two SCCAs. All massless fermions, including the gravitini, are neutral 
with respect to these, and furthermore, these symmetries cannot be either spontaneously 
broken or enhanced to a non-abelian symmetry within perturbation theory. Of course this 
is not surprising from the spacetime point of view, where we also expect two canonical 
gauge bosons — the graviphoton and the partner of the heterotic axio-dilaton. The former 
belongs to the gravity multiplet, while the latter is in a vector multiplet. 2 Note that in 
what follows, when we speak of "the gauge symmetry" of an N=2 theory, we will leave out 
the graviphoton. 

Having described some general features of perturbative N=2 compactifications, we 
will now illustrate how they arise in the case that the internal SCFT can be described by 
a heterotic nondinear sigma model. As we will not restrict ourselves to weakly coupled 
NLSMs, we should note that our discussion will be a bit formal; for the cases at hand, we 
assume that at least some basic properties of the SCFT are accurately reflected by the fields 
and Lagrangian of the NLSM — namely, the existence of certain chiral symmetries, and 
the central charges can be read off from the fields and Lagrangian. As our examples will 
have a large amount of worldsheet supersymmetry, our assumptions are not unreasonable 
and perhaps even testable by carefully studying and constraining the structure of quantum 
corrections to the worldsheet theory. 

2.1 The (0,1) heterotic non-linear sigma model 

The classical theory is easily presented in (0,1) superspace. 3 We work on a genus zero 
Euclidean worldsheet £ with canonical bundle Ky, and denote the superspace coordinates 
by z = (z;z,0). The superspace covariant derivatives are 

V = d + 08, Q = d e - 08, 

V 2 = 8, Q 2 = -8, {V, Q} = 0. (2.3) 
Supersymmetry transformations with parameter £ act as 

5 iZ = 8s(z,z,0) = mz,ZQz,ZQ9) = (0,-^,0, (2-4) 

2 The natural multiplet structure for the axio-dilaton is the "vector-tensor" multiplet [17]; it can be 
dualized to a standard vector multiplet, at least as far as perturbation theory is concerned. 
3 Our worldsheet and superspace conventions are those of [15]. 
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and the (0,1) supercharge Q 1 acts on a superfield X by 

5;:X =(Q r lE -£QX. (2.5) 

We will have use for two types of multiplets: 

$i* = + iOi/f (bosonic), A A = X A + 6L A (fermionic). (2.6) 

As usual, <j)^(z,z), fx = 1, ... ,6, are local coordinates for the map from £ to the target 
space X, while their partners tp^ are sections of K^ 2 % <f>*(Tx)- The \ A , A = 1, . . . , 32, 
are the left-moving fermions and the L A are auxiliary fields; A = (A 1 , . . . , A 32 ) T is valued 

1/2 

in Kj< <g> (j)*(E), where E — > X is a vector bundle with structure group Ge C SO(32) or 
G E C SO(16) x SO(16). 

The classical action is specified in terms of metric g, B-field B on X, and a connection 
A on E. We will focus exclusively on connections A that have a regular embedding in so (32) 
or so (16) x so (16), so that we can think of A as valued in the appropriate fundamental 
representation. More general cases require a more sophisticated worldsheet treatment [18] . 
The superspace action is then (we set a' = 2) 

S = h I ' d2zdd {(9^ + B^)d^V<^ -A T (VA + A fl V^A)}, (2.7) 
and the equations of motion are 

VA = -A^V^A, 

g vp dV$P = -(r, v - \dB vXtl )d$ x V$t* + \A T F up AV^. (2.8) 
The component action, with auxiliary fields L eliminated by their equations of motion, is 

+\ T {8\ + B^A^X) - ±A T J^A^}, (2.9) 

where J- = dA + A 2 is the curvature of the connection A. Note that while the kinetic terms 
for the left- and right-moving fermions appear to have a very different form, we can use 
a vielbein and its inverse E a ^ to express the action in terms of frame bundle fermions 
i\) a = e^V M with the result 

g^dV + c^V<(r M A„ - IdB^) = ^ T (d*j> + d<^S~^), (2.10) 

where denote the spin connection ui twisted by H = dB: 

S± ab = uf ±\E aa E bu H aXv . (2.11) 
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2.2 The Green-Schwarz mechanism and the one-loop effective action 

The classical action is invariant under gauge transformations 



S e \ = eX and 8 e A = -Ve = -de - [A, e], (2.12) 

where the gauge parameter e is pulled back from the target space. Similarly, the action is 
invariant under Lorentz transformations 4 

5 K ij> = Kijj and 5 K u = —Vk = —dn — [lj, «]. (2-13) 

As is well-known, these transformations are in general anomalous [7, 19]. Demanding that 
the symmetries are preserved requires non-trivial transformations of the -B-field, and the 
resulting Bianchi identity leads to the global constraint p\{Tx) = Pi(E). This is of course 
the worldsheet manifestation of the Green-Schwarz mechanism. 

Even if the Bianchi identity is satisfied, we might worry whether the counter-terms 
required to preserve the gauge invariance are (0,1) supersymmetric. Fortunately, this is 
the case [19], with the result a delicate combination of local counter-terms and non-local 
non-covariant terms in the effective action. We will have use for the particular form of these 
terms, so we review the details of the computation of [19] in appendix A. The result of the 
background field computation is that to quadratic order in A and S + the non-covariant 
contribution from the one- loop effective action is a sum of three terms: 



AS = AS A + AS s+ -S c . t .. (2.14) 



Srt is a local term 



Set. = ~ J d 2 zdd [tv{A„A v } - tr{5+5+}] aWV \ (2.15) 

Note that tr{- • • } denotes either the fundamental of so (32) or so (6), depending on whether 
the argument is a gauge or Lorentz object. As the name suggests, this contribution is 
canceled by adding Set., a finite local counter-term, to the action. The "truly non-local" 
contributions are 

as a = - I ^P^de 2 de 1 tr{A llM dA 2 x p }v 1 ^v 2 ^d 2 ^ p 2 , 

ASs+ = + I WW^ 2 de2ddl ^{ S t^2X P }Vi^VMd 2 <S> p 2 . (2.16) 

Here the subscripts denote the superspace coordinates of the fields and derivatives; for 
example, Ai^ = A fl (^(zi)), T>\ = dg 1 + 9id\, etc. Note the obvious but useful fact that 
AS$+ is obtained from AS A by switching the overall sign and replacing A — > S + . 

While the effective action is explicitly (0,1) supersymmetric, it is not gauge-invariant. 



Note that V denotes both the gauge and Lorentz-covariant derivative in the target space. 
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The super symmetry identity 



V lZ ^ = 2tt(0i - 2 )8 2 {z 12 ,z 12 ) (2.17) 

shows that under linearized transformations 5 t A = -de and 5 K S + = —dn, the action 
transforms by a local term 

5AS = J d 2 zd9(tr{edA flu } - tT{KdS+ u })d^V^ v . (2.18) 

This variation is canceled by postulating the B-field transformation 

SB = -- tv{edA} + - ti{ K dS + }. (2.19) 

That means the gauge-invariant three-form is 

U = dB- ^CS 3 (-4) + ^CS 3 (S + ), CS 3 („4) = \x{MA + §-4 3 }. (2.20) 

The result has been obtained to quadratic order in A and S + , but we expect (and will 
assume) that inclusion of the higher order terms will lead to the non-linear covariant form. 

2.3 Anomalies and relevant characteristic classes 

Having reviewed the (0,1) NLSM and the mechanism of anomaly cancelation, we will now 
discuss some global conditions necessary for consistent perturbative heterotic compactifi- 
cations in the RNS formalism. 

Restoring a' and evaluating d% leads to the familiar form of the Bianchi identity 

dH = j(tr{n 2 + }-tr{T 2 }), (2.21) 

where 1Z+ = dS + + is the curvature of the twisted spin connection. This leads to a 
topological condition on the first Pontryagin classes of E and Tx ■ As the normalization of 
these will play a role in our analysis, we will quickly review a few basic facts about these 
classes. This is standard and classic, see e.g. [20, 21] for differential aspects and [22] for 
the algebraic topology. 

Given a connection A for a principal G-bundle P — > X, the first Pontryagin class is a 
basic topological invariant constructed from the curvature T = dA + A 2 : 

Pi(Q) = -^^1^} G H\X,Z). (2.22) 

Here g is the Lie algebra of G, h g is the dual Coxeter number, and Tr{- • • }, the trace in 
the adjoint representation, is normalized so that the highest root has length-squared 2. 

In this work we are interested in heterotic gauge bundles that are constructible by 
starting with a free fermion representation of Eg x Eg or Spin(32)/Z2 and gauging a subset 
of the global symmetries. Thus it is natural to think of a rank k vector bundle E with asso- 
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ciated principal bundle as above, and we will write p\ (E) for the corresponding Pontryagin 
class. The Bianchi identity (2.21) implies pi(E) = Pl (T x ) in H A {X,R). 

In general, a compactification that solves the Bianchi identity still suffers from a global 
anomaly [23-25] if a Stiefel- Whitney class wi(E) or W2(E) is non-zero. For a Hermitian 
bundle E this anomaly is absent provided 

d(E) = mod 2. (2.23) 

The spacetime origin of this condition is not too hard to understand. Consider, for example, 
a compactification of the Es x Eg string with bundle E and q e C so (16) C t&. The ten- 
dimensional e8 gauge bosons decompose as 248 = 120 © 128 under the so (16), and all of 
these correspond to (possibly massive) states in the theory; however, in order for an so(16) 
bundle to have spinor representations, E must have vanishing second Stiefel- Whitney class 
- W2{E) = [26]. 5 If E is Hermitian, then W2(E) = c\(E) mod 2, and we recover the 
familiar condition on the first Chern class. For even more mundane reasons X must be 
spin, so that w\{Tx) = W2(Tx) = as well. Finally, note that for an orientable vector 
bundle E we have [22] 

Pl (E) = w 2 (E) 2 mod 2. (2.24) 

Consequently, if w\(E) = W2(E) = 0, then pi(E) G H (X, 2Z). The Bianchi identity is 
then required to hold in integral cohomology [23, 24] as 

\pi(E)-± Pl (T x ) = 0eH 4 (X,Z). (2.25) 
2.4 Constraints from (0,2) + (0,4) supersymmetry 

We will now review the conditions under which (0,1) supersymmetry of the NLSM is 
enhanced to the full (0,2)+(0,4) necessary for N=2 spacetime supersymmetry. 6 These 
were considered in [27] , but the presentation we will now give will be a bit simpler and will 
close a small gap in the arguments of [27]. 

A good starting point for the constraints is to demand that the NLSM give a realization 
of the c = 3 algebra of (2.2). In order for this symmetry to be manifest in the geometric 
description, the metric g^ must have two commuting isometries d/dd 1 , which means the 
target space X takes the form of a T 2 fibration X — > M, with metric 

g = g ij (yWdyi +g I j(y)Q I e J , Q 1 = dO 1 + A{{y)dy\ (2.26) 

where the y l are local coordinates on M, the connections A 1 describe the fibration structure, 
and Qu is some (possibly base-dependent) metric in the fiber directions. Similarly, the 

5 We also require Wi(E) = 0; however, that is a much weaker condition: for instance, it is satisfied for 
any compact simply connected base space or whenever E is Hermitian. 

6 The connection between (0,2) supersymmetry enhancement in the NLSM and N=l spacetime super- 
symmetry was explored much earlier in [7, 8]. 
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gauge connection and B-field can be decomposed as 
A = A + a/6' = A i (y)dy i + a I (y)Q I , 

B = B + BjQ 1 + ^be u e I e J = \%{y)dy l dy 3 + BniyWQ 1 + i&e/je'G- 7 . (2.27) 
The tree-level superspace action (2.7) splits as 5 = Sbase + ^fib with 7 



^^base 

47r5 fib 



(gij + Bij)d&V& - A T (VA + AiD&A) 



(Gu + be IJ )D z ^ I V e ^ J + B^d^Ve^ 1 - D Z &V&) + A T a I AV e ^ I \ , 

(2.28) 

where 3> l correspond to the base (fiber) coordinates, and the covariant derivatives are 

D z <f> T = d® 1 + A\ Dz® 1 = d^ + Aj 2?e$ J = X>$ J + ($)X>$\ 

(2.29) 

Expanding these in components we find 

D z & = D^ 1 + i0(3* J + Flj^dft), 
= D-cj) 1 + i6{8¥ + Fffldfi), 
= i¥ + 0(^ 7 - l-Fg-VV), 



(2.30) 
'-r-Afd^ and 



where -F 7 = cZA 7 , VE^ = tp 1 + Afy l , and the bosonic derivatives are D z ^ = 
similarly for D-cf) 1 . Note that all of these quantities are invariant under the Kaluza-Klein 
gauge symmetries SfQ 1 = f 1 ^ 1 ) and SjA 1 = —df 1 . 

We can give a similar expansion of the non-local terms in (2.16). We have 



d 2 z 2 d6 2 / d^xdQx 



&S A 



X A = A{D& + ajVe^ 1 , 



1 



(4vr) 2 zi2 



tr{X A1 Y A2 }, where 



Y4 = (dAij + a I Ff j )V$ i d& + a Id {V^ j D z ^ - V^dO*). 



(2.31) 



To obtain AS$+ from AS4 write 5 + = S + + s~j^Q I ; now flip the sign of AS A and substitute 
A ->■ <S+, a ->■ s+. 

The torus symmetries 

The chiral symmetries necessary for the c = 3 algebra require that the background be 
chosen such that d^ 1 = up to equations of motion and that 

Sv® 1 = v\z), 5 V A = -w J (Z)ajA (2.32) 



7 In this section we will omit the superspace measure d 2 z d6 when it is not likely to cause confusion. 
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are symmetries of the action. Under a variation 5& 1 we find 5<Sbase = 0, and 

47r55 fib = J 5® 1 [-2G L j&De$ J + (dB Ijk + (G LJ - be I j)Ff k )d&T>$ k 

-(Qu + be u ), k d<S> k V e <S> J - (Gjj - beu), k V<S> k D z $ J - V{A T ai A) . 

(2.33) 

We also find 

6AS A = ±- [ 5<S> I ti{a I Y A + da I X A } + [ [ 1 8${ tr{V iaiI (Y 2A - d 2 X 2A )}, 

(2.34) 

as well as a similar term for 5AS$+. 

To obtain d 1 ^! 1 = as an equation of motion requires the variation of the full action 
to be proportional to 5& 1 EijdT>Q<& J for some invertible Eij. Clearly this places strong 
constraints on the background geometry. To start, consider the contributions to (2.33) 
that involve the A multiplets. Using the A equations of motion these can be rewritten as 

-V(A T a I A) = -A T V i a I AV^ 1 + A T [a 7 , aj]AV 6 $ J . (2.35) 

Here V = d + A is the gauge-covariant derivative on the base. These contributions cannot 
be canceled by any others, so we obtain our first constraints on the background: 

Va/ = 0, [oj,oj] = 0. (2.36) 

These conditions imply that T has no fiber components: 

F = F + a I F I . (2.37) 

Next we will examine the non-local terms in the variation. Here we face an awkward 
issue since the terms quadratic in A and S + are not by themselves explicitly covariant. 
On the other hand, we expect the conditions on the background to be covariant, so we will 
assume that inclusion of the higher order contributions will yield covariant expressions. 
With this assumption we see that since Va/ = daj + [A, a/], we can neglect derivatives of 
a j in 5AS A . The variation of AS A is then purely local: 

5AS A = -i- J 5Q 1 tr{aj(dA jk + ajFf k )}V$ k d& . (2.38) 

The remaining non-local term from ^AS^ must vanish by itself, which leads to dsf = to 
leading order in the background. The obvious covariant form of this condition is Vs^~ = 0, 
and the remaining variation of 5AS$+ is 

5AS S+ = i- J 6$ I tT{a+(dS+ + s+Ff k )}V$ k d&. (2.39) 
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Since now all terms in 5 AS are proportional to d&D&i , the terms proportional to d&T)Q$ K 
and T>& D z <& in (2.33) must vanish by themselves. Thus, we find another constraint: 

Q and b are constant over M. (2.40) 

The latter condition means 

dB = dB- BjF 1 + {dBi - beuF^e 1 , (2.41) 

and expanding the gauge-invariant three form % in a similar horizontal-vertical decompo- 
sition H = H + Hi® 1 we find 

U = dB- B^ 1 - ±(CS 3 (1) + ^{a^F 1 ) + ±(CS 3 (<S + ) + tr{s+5 + }F 7 ), 
Ui = dBi - be u F J - \(ti{a I {2F + ajF J )} - dtr{aM}) 

+ ±(tr{s+(2ft + + s+F J )} - dtr{sfS + }). (2.42) 



Comparing the remaining terms in the variation with Hi, we see that 

4n5S = J 8& [-2g u dV e ^ J + {GijF^ + n Ijk )d^V^ . (2.43) 

Thus, we will obtain the desired equation of motion d^ 1 = if 

Ui = -QijF 3 . (2.44) 

The conditions in (2.36, 2.40, 2.44), together with Vsj" = 0, are also sufficient to ensure 
that the action possesses the expected chiral symmetry (2.32). 

Using (2.44) and (2.40) we find another important simplification on the background: 
sf = 0. To see this, write the metric g and (torsion- free, metric-compatible) spin connec- 
tion oj with base(fiber) frame indices o, b {A, B) as 

ff = e° ® e° + £rjG 7 ® B" 7 , uj = Q + u I e I . (2.45) 

A short computation shows u) a b is the spin connection for the base metric g, and the 
remaining non- vanishing components of cD, Z) are 

QA = _i^ F A t & A = +ie*F%g BA , Z% = lF b A a g M . (2.46) 

Plugging this into the expression for S + in (2.11) yields 

4 ab = \*&Qai + \dB lha . (2.47) 

We expect the proper covariant form s\ to be given by replacing dBj^a — > T~iiba^ an d 
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from (2.44) we conclude that 

sf = 0. (2.48) 

This means that the curvature 1Z+ has no fiber components, and since the same is true of 
J 7 , the characteristic classes in the Bianchi identity are purely horizontal: 

dU = -\ tr{(^+ aiF 1 ) 2 } + \ ti{K 2 + }. (2.49) 

Remaining conditions 

We will now discuss the remaining conditions that lead to the NLSM with a manifest 
(0,2)+(0,4) symmetry [27]. Having ensured that the fiber fermions ^f 1 behave as the free 
fermions of the (0,2) algebra, the U(1)r symmetry of the (0,2) algebra is generated by 

r-¥ = -ilj^ J , r ■ f- = 0. (2.50) 

For r to be a symmetry of the action I must be constant and ^-compatible. 

The SU(2)/j symmetry generators R a leave the ty 1 invariant and act on the base 
fermions by 

R a -^ = -HC aj iP -iV aJ i> J . (2.51) 
Requiring that the action is invariant leads to JC a = as well as 

fc l ak9ij + fcljdik = 0, IClk F ij + F ki^aj = °> ^ak F ij + F ki^lj, 

Vj~1Cak = VjV ak + \{7-L) rJ^k - ^Tk^am) = °- (2.52) 

Here T = dA + A 2 . In order to realize the SU(2) algebra on the fields we should also have 
[)C a ,)Cb] = 2e a b c IC c . 

Recall the manner in which the (0,1) supersymmetry is enhanced to (0,2) [7, 8]. Given 
the R-symmetry generator R, the known supercharge Q 1: and the translation generator 
P = Q\ = 8, we can define a second supersymmetry generator Q 2 = i[Qi, R] and demand 
that these operators close to the (0,2) algebra with non-trivial commutators 

[R, Q A ] = ie AB Q B , {Q A , Q B } = 25 AB P- (2.53) 

It is not hard to show using the Jacobi identity that this will hold if R and P commute 
and Q 1 = i[R, Q 2 ]- 

In the case at hand there are a number of (0,2) sub-algebras with R = ±r + R a ; closure 
requires I and fC a to be complex structures for the fiber and base directions, respectively. 
In a similar fashion we can construct the remaining generators of (0,2)+(0,4) and check 
closure of the full algebra. This does not lead to additional constraints [27]. Since we will 
perform a similar computation in section 5, we will not discuss it further here. 



- 12 - 



Geometric interpretation 

Using JCq = — 1 and [/C a ,/C&] = 2e a b c /C c , we find )C a JCb = —5 a bt + e a b c )C c . This, together with 
the metric compatibility condition, shows that the base manifold M is a hyper-Hermitian 
surface [28] with a triplet of Hermitian forms (J a )ij = K-aidkj- These can be shown to 
satisfy 

dJ a = P A J a , (2.54) 

where (3 is a closed 1-form determined solely by the base metric g. The remaining conditions 
in (2.52) constrain % = — *g j5 and the F and J- to be (1,1) with respect to all three 
complex structures. The latter is equivalent to F J and J- being anti-self-dual. 

Compact hyper-Hermitian surfaces were classified in [29]. 8 The result is that M is 
conformal to one of the following: T 4 with its flat metric, K3 with its hyper-Kahler metric, 
or a Hopf surface. Examination of the Bianchi identity shows that M = T 4 requires the 
fibration to be trivial [32]. Hopf surfaces [33] are excluded for a more subtle reason: the 
resulting total space X does not admit a conformally balanced metric, or equivalently, does 
not have a holomorphically trivial canonical bundle [27]. 9 

So, to summarize, (0,2)+(0,4) supersymmetry implies that the NLSM target space X 
is either T 6 without flux, or it is a (possibly trivial) principal T 2 bundle over M = K3 
with ASD connections A 1 . The gauge bundle data is an ASD connection A together with a 
choice of covariantly constant and commuting "Wilson lines" aj. Duality arguments [37], 
as well as explicit existence results [32, 38] show that the requisite connections and metric 
g exist. The resulting NLSM describes a heterotic vacuum with N=2 supersymmetry at 
one loop in a'. 

2.5 Moduli and flux quantization 

Given the existence of a perturbative N=2 vacuum, the next natural question is the char- 
acterization of its vector- and hypermultiplet moduli spaces. While describing the full 
geometry is not so simple, at least finding the dimensions is reasonably straightforward. 
To orient the discussion in the flux case, consider the trivial fibration X = T 2 x K3. In 
this case the moduli are arranged as follows. 

1. The gauge-neutral hypermultiplets correspond to moduli of the ASD connection A 
and the geometric (including the i?-field) moduli of the K3. 

2. The axio-dilaton resides in a privileged vector multiplet; we described how the cor- 
responding gauge boson arises from the right-moving SCCA. 

8 We are interested in compact backgrounds; there has also been recent work on related non-compact 
heterotic backgrounds, e.g. [30, 31]. 

9 From the spacetime point of view triviality of the canonical bundle is a consequence of the vanishing 
dilatino variation necessary for N=l spacetime supersymmetry [34]; it also emerges as a condition of (0,2) 
superconformal invariance [35, 36]. 
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3. The remaining vector moduli consist of the constant Wilson lines aj in the Cartan 
subalgebra of the spacetime gauge group, as well as the two parameters r and p for 
the complex structure and complexified Kahler form on T 2 . 

How does this picture change in a flux vacuum? The axio-dilaton structure remains 
unchanged. The gauge-neutral hypermultiplets correspond to moduli of A and the base 
geometry that preserve the (0,2)+(0,4) conditions. The resulting restrictions on the geo- 
metric moduli are well-understood: they are essentially the same as those that arise in the 
case of abelian instantons discussed in section 3.1. In this section we will concentrate on 
the vector moduli associated to the torus. 

These are clearly modified since the left-moving symmetries 8(f) 1 = v I {z) are explicitly 
broken by the non-trivial curvatures F 1 . 10 On the other hand, nothing in our construction 
so far has placed any restrictions on the torus metric and B-field Q and b. As we will now 
argue, the requisite restrictions arise due to quantization conditions onH. In general such 
quantization conditions arise from a proper interpretation of the heterotic -B-field [39], and 
the case at hand is a nice illustration of the general notions. For us the basic point is 
that unlike in the familiar type II case, where B is a connection on an abelian gerbe, so 
that H £ H 3 (X,4ir 2 a'Z) [40, 41], in the heterotic case B is a torsor over the group of 
connections on abelian gerbes: i.e. given a B for fixed E and X, any other B' for the same 
data arises as B' = B + B g for some unique gerbe connection B g . n 

Significance of %j = —QijF j 

To describe the quantization conditions, we first return to (2.42) and rewrite it by using 
Hi = —QijF j and sf = 0. Restoring a', this leads to 

d (B! + £ tr{aM}) = -(Gh - beu)F J + % tr{a 7 ^}, 

H = dB-(B I + ^ tr{aM}) F 1 - %CS 3 (A) + ^CS 3 (<S+), (2.55) 

where 

gij^gij-itriawj}. (2.56) 

Note that Vaj = implies Gjj is constant and trja/J 7 } is closed. 

Let us consider the gauge, Lorentz, and gerbe transformations of B in more detail. 
Parametrizing the transformations by, respectively, e, k, and the one- form A = A + AjQ 1 , 
we find that the components of B transform as 

5B = dA + (A/ - 2f tr{ea/})F J - sf tv{edA} + % tr{ K dS + }, 
5B~! = dAj - s£ tr{eda/}, 5b = 0. (2.57) 

10 This assumes that the F 1 are linearly independent; a left-moving symmetry and corresponding gauge 
boson can be preserved if the F 1 are linearly dependent in H 2 (M, 2ttZ). 

11 A precise formulation of this may be found in [42]; we thank S. Katz for pointing out this reference. 
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We can usefully untangle some of these transformations via the redefinitions 

B' I = B I + ^ tr{ ai A}, A'j = A/ - af tr{ea 7 }, (2.58) 

which lead to 

5B = dk + A'jF 1 - % tr{edA} + % tr{KdS + }, 5b = 0. (2.59) 

while the B'j satisfy 

dB'j = -(g*jj - be u )F J + ^ tr{ ai T}, bB\ = dA'j. (2.60) 

Evidently, B'j behave as connections on two line bundles, and the curvatures dB'j have to 
be separately quantized. To determine the precise quantization conditions, we note that 
the Bianchi identity takes the form 

dU = —dBjF 1 - % tv{T 2 } + % tr{K%}. (2.61) 

The cohomological Bianchi identity is then given by 

jo/ rpl 

Since the last two terms are quantized, the first term must be quantized as well, and we see 
that the integrality is preserved under shifts of dB'j by elements of H 2 (M,2ira'Z,). Thus, 
we conclude that the appropriate quantization condition for dB'j is 

dB'j = -(G*jj - beu)F J + ^ tr{a 7 ^} £ H 2 (M, 2ita"L). (2.63) 

Setting for the moment trja/J 7 } = 0, we see that for linearly independent F 1 this leads to 
a quantization of Q* and b. 

It is straightforward to include the modifications when ajF ^ 0; however, giving a 
general discussion of the possibilities is a bit awkward. Instead of doing so, we will point out 
two important cases. First, when A is an irreducible connection, i.e. where the holonomy 
of the connection is the expected group Ge, then Vaj = requires aj to be constant 
and valued in g', the commutant of q e in so(16) x so(16) or so(32). It is easy to see this 
when Ge = SO(fc) or Ge = U(fc); to illustrate this, we will examine the former case. 
Decomposing the connection and Wilson lines as 

^te)' (2 ' 64> 

we find that Vaj = holds iff da'j = 0, while ai and bi are covariantly constant and, in 
particular, invariant under parallel transport. If either of these is non-zero, then it must 
be that the holonomy group of the connection is a proper subgroup of SO(fc), and hence 
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the connection is reducible. 

Thus, we see that when the connection is irreducible ajj 7 = 0. In this case the 
spacetime gauge algebra is q' , and the commuting constant Wilson lines a! I 6 q' parametrize 
the Coulomb branch for the q' vector multiplets. Note, however, that the quantization 
condition does involve these aj, since it is Q* and not Q that is quantized. 

When the connection A is reducible, trja/J 7 } need not be zero. A simple example of 
this is obtained by taking Ge = SO(2). In the fundamental representation appropriate to 
the free fermion construction we have (ignoring the commutant) 









( o WI \ 


-V 




ai = | 


[-wi J 



(2.65) 



so that the quantization condition reads 

-{Oh - be u )F J - olwjT e H 2 {M, 2vra'Z). (2.66) 

As long as F 1 and T\ define linearly independent classes there are separate quantization 
conditions on Q* , b and aj. However, if there is a linear dependence, say J- = mjF J , then 
the quantization conditions are weaker: 

-Gjj + be j j — 2a' wm j £ a'Z, (2.67) 

leaving the wi unfixed. However, in this case we also expect an additional massless gauge 
boson, and the wi will be the scalars in the corresponding vector multiplet. 

3 Instantons on K3 

In this section we will review a few results on characteristic classes and instantons on a 
K3 manifold M. These will be useful in constructing explicit examples of N = 2 heterotic 
vacua. For the most part this is standard material, with nice presentations in [43, 44]. 
First, we note that if the SO ((f) structure of a manifold X is reduced to SU(d), then 
Pl (T x ) = 2ch 2 (T x ). Thus, for M we have pi(T M ) = -48. 12 

Given a vector bundle E — > M with structure group a connected simple group Ge, 
we can form an associated principal Ge bundle P — > M. The topological classification of 
such bundles on compact connected four-dimensional Riemannian manifolds is discussed 
in the appendix of [45]. The result is that for simply connected Ge the bundles P — > 
M are classified by the first Pontryagin class. When Ge is not simply connected, one 
more topological invariant is needed — a choice of a map from the classifying space to 
H 2 (M,tti(Ge))- Indeed we already encountered an example of this invariant for Ge = 
SO(fc): the Stiefel- Whitney class w 2 (E) G H 2 (M,Z 2 ). 

The moduli space A^(^4) of anti-self-dual (ASD) connections (when such connections 
exist) modulo gauge transformations has quaternionic dimension determined by an index 

12 By an abuse of notation, pi will denote the differential form, the corresponding cohomology class, or 
its integral over the K3, as follows from the context. 
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computation combined with some vanishing theorems [20] 



N% = dim H M{A) = -K 



Pi(E) 



dim g . 



(3.1) 



2 



For ASD connections pi(E) < 0; for example, for G = SU(n) we have pi(E) = —2c2(E) 
and Nfj = nc 2 (E) - n 2 + 1. 

Unlike the more involved case of HYM connections over higher dimensional Calabi-Yau 
manifolds, there is no possibility of higher obstructions: given a smooth HYM connection 
over a smooth M, the deformations of the connection, as well as the deformations of 
the Calabi-Yau metric and B-field on M can all be integrated to finite deformations. 

3.1 Abelian instantons 

The moduli space of irreducible connections is compactified by including reducible con- 
nections. Some of these correspond to point-like instantons and lead either to strongly 
coupled CFT (when the zero-size instanton is located on a smooth point in M) [48] or 
important string non-perturbative effects (when the zero-size instanton is located at a sin- 
gularity) [12]. The latter have been used to great effect in [13]. In this work we will stick 
to theories where the NLSM is a good description, so we will not discuss the zero-size 
instantons. However, there are plenty of reducible connections where the theory remains 
weakly coupled. Perhaps the nicest example of such limiting points is provided by abelian 
instantons, where the structure group is reduced to U(l) m , or equivalently, the vector bun- 
dle splits as E = ® a L a for some holomorphic line bundles L a on M. Line bundles on M 
are characterized by Pic(M) = H^ 1 ' 1 \M,C)nH 2 (M,7i), and for generic complex structure 
Pic(M) will be empty. Let J and £1 be, respectively, the Kahler and holomorphic (2,0) 
forms on M. Then denoting by • the intersection product H 2 (M) x H 2 (M) — > H 4 (M) we 
have the familiar conditions [3] 



Accounting for an SU(2) rotation of (J, Re f2, ImQ), these specify a 58-dimensional family 
of SU(2) structures on M; by Yau's theorem each point in this moduli space determines a 
unique hyper-Kahler metric on M. As is familiar, the moduli space of the corresponding 
(0,4) conformal theory includes a choice of closed B G H 2 (M, M), leading to a quaternionic- 
Kahler moduli space of real dimension 80. 14 

If we demand that M also admits a holomorphic line bundle L a with connection 
A a and curvature F a then c\(L a ) = ^F a G Pic(M); i.e. O • c\(L a ) = 0. If we also 
demand that the curvature F a is ASD, then J ■ F a = 0. Thus, every linearly independent 
ci{L a ) 6 Pic(M) reduces the real dimension of compatible metrics by 3. The Green- 
Schwarz mechanism leads to an additional reduction in the CFT moduli space. This follows 

13 See [46, 47] for an in-depth discussion of existence of ASD connections, as well as conditions when the 
virtual dimension computed by the index is the actual dimension of the moduli space. 

14 This is a bit imprecise since shifting B by a class in H 2 (M, 27ra'Z) will leave the action invariant; in 
what follows we will neglect this, as well as additional discrete structure on the moduli space. More details 
can be found in [3, 49]. 



2! J • J 



n ■ n > o 



n- j = nn = o. 



(3.2) 
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from (2.19) because under global gauge transformations with constant parameters e a the 
B-field shifts by SB = —^e a F a , so that the B-field moduli, instead of residing in H 2 (M,M.) 
are actually characterized by H 2 (M, M)/{span{F a } C H 2 (M,R)}. Thus, if E = ® k a L a with 
k linearly independent classes ci(L a ), then the quaternionic dimension of the CFT moduli 
space is reduced by k. 

The left-moving current algebra is also affected by the non-trivial abelian instan- 
tons. Very naively, one might think that the current algebra should be the commutant 
of g E C so (32) or es® es; however, the gauge transforming components of the -B-field act 
as Stiickelberg fields that give masses to the U(l) fc gauge bosons. The spacetime interpre- 
tation of this phenomenon goes back to [50]; it has been discussed in the K3 context in, 
for instance, [44, 51], and more recently in the context of F-theory/heterotic compactifica- 
tions on Calabi-Yau three-folds in [52, 53]. The worldsheet mechanism has been recently 
discussed in [54]. 

Some massless spectra 

Let us describe some examples of heterotic compactifications with 8 supercharges and 
abelian instantons; in what follows we will see a very similar structure for heterotic flux 
vacua. For concreteness we work with the Spin(32)/Z2 string. 

To descirbe the line bundle E = (B™ = iL a in the free fermion construction we group the 
32 fermions X A into m Weyl fermions A a and their conjugates A" and 32 — 2m free fermions 
£ Q . The kinetic term of the A a is 

-^-A a (clA a + ^,4 ai A a ), (3.3) 
and F a = dA a E 2-kH 2 (M, Z) . The anomaly cancelation conditions are then 

Cl (E) = J2^i(L a ) =0 mod 2, p 1 (E) = 2di 2 (E) = ^2c 1 (L a ) 2 = -48. (3.4) 

a a 

Assuming that we can make the corresponding NLSM weakly coupled, the naive spec- 
trum of massless fermions has a simple presentation [55]. This is especially true for the 
Spin(32)/Z2 string since, unlike in the Es x Es string, all massless states arise in the (NS,R) 
sector. Labeling the right-moving fermion zero modes ip l and tp i , we take the ground state 
to be annihilated by the ip l , so that the low energy states take the form 

(left-moving excitations) x uji 1 ...j k {(j), (j))^ 1 ■ ■ ■ if) *|0), (3-5) 

where oj belongs to an appropriate Dolbeault cohomology group. The possible left-moving 
GSO-invariant left-moving excitations either involve A_ 1 / 2 A^ 1 / 2 or d<jf. Ignoring the com- 
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plex conjugate states to avoid double-counting, the possible states are 



rc^io), 


UJ 


GiJ (M,O M ): 




so(32 — 2m) gauginos; 


£ A \ a u\0), 


UJ 


£H l (M,L a ), 




charged hyperinos; 


X a X b uj\0), 


UJ 


g H l (M, L a (g) 




so (32 — 2m)-neutral hyperinos; 
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so (32 — 2m)-neutral hyperinos; 


X a X a Lo\0), 


•uj 


£H°(M,O m ) 




m u(l) gauginos; 


A a A 6 a;|0), a > b 




GH (M,O M ) 




possible additional gauginos; 


d^Lo\0), 


UJ 


G ^(M.T*), 




20 neutral K3 hyperinos. 



As discussed above, the last two types of states mix, and only certain linear combinations 
are massless. If all m classes c\(L a ) are linearly independent in H 2 (M, R), then all of the 
U(l) m gauginos are massive, and there remain 20 — m K3 moduli. Linear dependence 
will lead to enhanced gauge symmetries and additional moduli, but for simplicity we will 
stick to the case of m independent classes. In a theory with 8 supercharges we need not 
worry about higher order obstructions, so that every first order deformation we find can 
be integrated up to a finite deformation. In this case we can use the index theorem to 
compute the number of massless states. 15 The Hirzebruch-Riemann-Roch theorem for a 
Hermitian bundle E on M states that 

X (E) = h°(E)-h l (E) + h 2 (E)= [ ch(E) Td(M) = 2rank£ + ch 2 (E), (3.7) 

which for a line bundle L on M reduces to the familiar [56] 

X (L) = 2 + \ Cl (L) 2 . (3.8) 

This is clearly an integer since the intersection form on M is even. Applying this to 
the states above, we find that the massless spectrum consists of the so (32 — 2m) vector 
multiplets, iV^ hypers in the fundamental representation of so(32 — 2m) and neutral 
hypers with 

N° H = 20 - m - [x(L a ® L b ) + X (L a ® L* b )] = 20 - m + (48 - 2m) (m - 1), 

a>b 

N+ = [~Y^ x{L a )] x (32 - 2m) = (24 - 2m) x (32 - 2m), (3.9) 

a 

where we used ^ a c\{L a ) 2 = —48. We can see that Ny — Nh = 244 as is appropriate for 
a perturbative heterotic spectrum in 6 dimensions. 

This six-dimensional theory can be compactified further on T 2 ; by turning on Wilson 
lines for the gauge fields along the torus, i.e. the vector multiplet moduli in the four- 
dimensional theory, we can break so(32 - 2m) -> u (l)®( 16 -' m ); at a sufficiently generic 

As usual, we assume that we are at a generic enough point in the moduli space such that the index the- 
orem accurately describes the spectrum; indeed, we already assumed this in listing the relevant cohomology 
groups in the table. 
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point this also lifts all of the charged matter hypers. Combining the resulting massless 
states with the three U(l) vector multiplets due to T 2 , we find a four-dimensional theory 
with 

iVy = 19-m, N H = 20- m + 2(24- m)(m - 1). (3.10) 

The same progression of Ny(m) and Nnirn) can be obtained by a slight variation of 
the four-dimensional construction. At a fixed m we can go to the origin of the Coulomb 
branch, recovering so(32 — 2m) gauge group and corresponding charged hypers; we can then 
partially Higgs the theory from so (32 — 2m) — > so (30 — 2m) and go on the Coulomb branch 
of so (30 — 2m). The resulting change of spectrum is exactly the same as that obtained by 
changing m — > m + 1. 

Interpreting these spectra in terms of potential IIA duals leads to a set of Calabi-Yau 
manifolds Y m , m = 1, . . . , 12, with Hodge numbers 

(/i 1 ' 1 , h 1 ' 2 ) £ {(18, 18), (17,61), (16,100), (15,135), (14,166), (13,193), (12,216), 

(11,235), (10,250), (9,261), (8,268), (7,271)}. (3.11) 

All of these are realized by known constructions. 16 

3.2 Criteria for smooth M 

The list of models above terminates at m = 12. A reason to distrust the results for 
m > 12 is that AT+ b ecomes negative; however, in our geometric description there is a 
more direct way of identifying a problem. Recall that a K3 M is singular if and only if 
Pic(M) contains a —2 curve of zero size [3, 57]. Equivalently, M is singular if and only if it 
admits an abelian instanton with ci(L) 2 = —2. Since the K3 intersection lattice is even, an 
abelian instanton, since it is anti-self-dual, satisfies ci(L) 2 < —2; therefore for m > 12 M 
is necessarily singular, with a point-like instanton supported at the singularity. This sort 
of singularity in the CFT is outside of the domain of string perturbation theory, and its 
resolution is often accompanied by enhanced gauge symmetries and extra matter states. 

For m < 12 it is possible to realize the instanton configuration on a smooth M. 
Consider M to be the Kummer surface, i.e. T 4 /Z2 blown up at the 16 singular points, 
with exceptional divisors Ei, i = 0, . . . , 15. These have self intersection Ei ■ Ej = —25ij. 
Consider the 12 linearly independent divisors 
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(3.12) 



Our Calabi-Yau data mining was greatly expedited by the database of known Calabi-Yau constructions 
maintained by B. Jurke at http://cyexplorer.benjaminjurke.net. 



- 20 - 



Evidently the corresponding line bundles L a have c\{L a ) 2 = —4. In addition, ^ a c\{L a ) = 
mod 2, so that (3.4) is satisfied. The last point uses the fact (see appendix B of [58] for 
a clear presentation of a nice basis of H 2 (M,Z)) that the classes 

h = 2 (-^o + E\ + Ei + £3 + E$ + Eg + + J5ii) , 

/ 2 = ±(E + E 2 + E 4 + E (i + E s + E 10 + £12 + E 14 ) (3.13) 

are in the Kummer lattice. Finally, each L a will admit an ASD connection if we take all of 
the exceptional divisors to have a common size J(E a ) = j. By taking linear combinations 
of the D a we can produce all of the m < 12 examples. For instance, we obtain the m = 1 
example by taking D = D a . 

4 Some potential IIA duals of heterotic flux vacua 

Having discussed the heterotic worldsheet theory at some length, we now turn to their 
potential type II duals. A generic heterotic vacuum will not have a weakly-coupled type II 
dual, and to describe its non-perturbative features requires some more general formalism 
in the spirit of F-theory. However, there is a non-trivial class of string vacua that include 
weakly coupled type II and heterotic limiting points in the moduli space. Identifying these 
tractable dual pairs is important since such vacua offer a nice laboratory for studying string 
non-perturbative effects. How do heterotic flux vacua fit into this class of theories? 

To frame the discussion let us first recall some powerful constraints on possible type 
II duals of perturbative heterotic vacua with eight supercharges. Quite early on it was 
appreciated that K3-fibered and elliptically-fibered Calabi-Yau three folds should play a 
special role in the duality [1, 2, 5]. The K3-fibration structure has a particularly elegant 
explanation from the perspective of the heterotic conformal field theory [6]. In the weak 
coupling limit, the special Kahler geometry of the vector moduli space has a universal form 
determined by a cubic prepotential [17]: 

F = - 7ij T i T^>S + F^(T) + ..., 7 = diag(+, -,...,-), (4.1) 

where S is the axio-dilaton modulus, the T % denote the remaining vector moduli, the Fq 
is the one-loop correction, and the . . . signify string non-perturbative corrections. In the 
same notation, the prepotential F\ — the coefficient of the R 2 coupling in the effective 
four-dimensional theory — has a universal form 

Fi = 24S + F 1 1 (T) + .... (4.2) 

If we suppose that the type IIA dual of this weakly coupled limit corresponds to a 
large radius phase of a compactification on a smooth Calabi-Yau 3- fold Y, then we can 
compare the above structure to the type II results. In this case, the structure of the vector 
moduli space is completely determined by the A-model topological string associated to Y, 
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Table 1. Examples of fibration structures in three-folds. 



and neglecting worldsheet and perturbative corrections, the prepotentials are given by 

F = - % -D A -D B -D c T A T B T c + ..., F x = ~^-D A ■ c 2 (Y)T A + . . . . (4.3) 
b 12 

Here A = 0, . . . , h > (Y) — 1, {Da} is a basis for the divisor classes on Y, and • denotes 
divisor intersection. Comparing this structure to the heterotic result leads to constraints 
on the geometry of Y: there exists a distinguished divisor Dq such that Dq ■ Da = 
for all A and Dq ■ C2(Y) = 24. In addition, it is argued in [3, 6] that convergence of 
worldsheet instanton sums requires -Do to be a numerically effective (NEF) divisor, i.e. for 
any algebraic curve C in Y, Dq ■ C > 0. These conditions are sufficient to show that Y is 
a K3 fibration, with Dq being the class of the generic fiber [59]. 

The F-theory perspective identifies another important fibration structure in type II 
Calabi-Yau compactifications: Y can be elliptically fibered with section. The conditions 
on divisors for the existence of such a fibration were studied in [59] and reviewed in [60]: 
there exists a NEF divisor D\ (the class of the section) with D\ = and D\ • D 2 = 1 for 
some other divisor D 2 . The K3 and elliptic fibrations are compatible if Dq ■ D\ = 0. Since 
Y is Kahler, and the Kahler class is positive, a manifold with such a structure necessarily 
has h 1A {Y) > 3. 

The relevance of this compatible elliptic fibration for heterotic/type II duality is a 
consequence of fiberwise application of the duality between F-theory on an elliptically 
fibered Calabi-Yau three- fold and heterotic compactification on a K3 [60]: if the heterotic 
description has a limit where the T 2 can be taken to be arbitrarily large, then Y admits a 
compatible elliptic fibration with at least one section (see [4], in particular proposition 10). 17 
In table 1 we provide some examples of three-folds, listing their Hodge numbers and note the 
existence of a K3 fibration (njo), elliptic fibration with section (He) an d their compatibility 
(C); many additional examples can be found in [5, 62, 63]. 

With these facts in hand, we now see that there is a natural guess for weakly coupled 
duals to heterotic flux vacua. Since the K3-fibration structure follows from properties of 
the heterotic conformal field theory, we still expect the dual geometry Y to be K3-fibered; 
however, we have also seen that in a typical heterotic flux vacuum the torus geometry is 
fixed, and there is no six-dimensional decompactification limit. Thus, we can expect Y to 
lack a compatible elliptic fibration with section. Conversely, given a type II vacuum based 

17 In N=2 Calabi-Yau compactifications of type II theories the elliptic fibration ensures that the theory 
can be lifted to a supersymmetric theory in six dimensions [61]. 
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on a K3-fibered Y without an elliptic fibration a perturbative heterotic dual, if it exists, 
must necessarily be a heterotic flux vacuum. 18 

For instance, from our discussion it is clear that the large radius limit of the Yis 
hypersurface cannot be dual to a weakly coupled heterotic string, while the remaining 
examples can have weakly coupled duals. Indeed, the duals of Y24 and Y12 were proposed 
in [1] and subjected to further tests in [64]. The last example is familiar in the context of 
mirror symmetry [65, 66]; it and Y12 are the only known examples of a two-parameter K3- 
fibered Calabi-Yau three-fold hypersurface in a toric variety. Since neither example has an 
elliptic fibration, we do not expect the CFT of the heterotic dual to consist of decoupled T 2 
and K3 components. We will construct some new potential heterotic duals for interesting 
K3-fibered Y with with low Hodge numbers below. First, however, we will examine some 
abelian instanton examples that are closely related to those in section 3.1. 

4.1 Abelian instanton examples 

We consider again the Spin(32)/Z2 string with bundle E = (B™ = iL a describing the abelian 
instantons and bundles £1,-^2 describing the torus fibration. For simplicity we will take 
Qjj = ^-Sjj, 6 = 0, a j T = 0, and all line bundles to be linearly independent. In this case 
anomaly cancelation requires 

c^zo 2 + Cl (Z 2 ) 2 + Yl c ^ L -) 2 = - 48 - ( 4 - 4 ) 

a 

Note that this choice of Q* with zero Wilson lines does not lead to any enhanced gauge 
symmetry — the T 2 is a square torus with equal radii \J a'/2; in our conventions the 
self-dual radius is \fa' . 

Setting k = ci(Li) 2 + ci(L2) 2 , a smooth M requires m < 12 + k/A, and using the 
divisors in (3.12) it is possible to construct L a such that c i(-^a) * s an even class and the 
cohomological Bianchi identity is satisfied. The resulting spectrum is then easily evaluated. 
Let n = 0,1,2 be the number of non-trivial L\^- Then the unbroken gauge group is 
U(l) 3_n x SO(32 - 2m), and the matter consists of 

N§ = 20 - m - n + (48 + k - 2m)(m - 1), Ng = (24 - 2m + k/2) x (32 - 2m). 

(4.5) 

These hypermultiplets are neutral under U(l) 3 ~ n . At a generic point on the Coulomb 
branch the gauge group is broken to a Cartan subgroup, and all charged hypermultiplets 
become massive. The n = case yields the spectra discussed above and listed in (3.11). 
Taking k = —An for n = 1,2, the Hodge numbers of potential IIA duals are listed in 
Table 4.1. All but two of the possible Hodge number pairs are indeed realized by known 
constructions; furthermore, the list of known Hodge pairs is comparatively sparse for high 
h > , so that matching those numbers is not a complete triviality. It would be interesting 
to determine which of the matched Hodge pairs have known realizations that admit K3 

18 This issue is a little bit clouded by T-dual descriptions of principal torus bundle target spaces; we will 
discuss this in more detail below. 
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n = 1 



n = 2 



m 


h 1 ' 1 


h 1 ' 2 


list? 


m 


h 1 ' 1 


h 1 ' 2 


list? 




m 


h 1 ' 1 


h 1 ' 2 


list? 


m 


h 1 ' 1 


h 1 ' 2 


list? 


1 


17 


17 


/ 


7 


11 


191 


/ 




1 


16 


16 


/ 


7 


10 


166 


/ 


2 


16 


56 


/ 


8 


10 


206 


/ 




2 


15 


51 


/ 


8 


9 


177 


/ 


3 


15 


91 


/ 


9 


9 


217 


X 




3 


14 


82 


/ 


9 


8 


184 


/ 


4 


14 


122 


/ 


10 


8 


224 


X 




4 


13 


109 


/ 


10 


7 


187 


/ 


5 


13 


149 


/ 


11 


7 


227 


/ 




5 


12 


132 


/ 










6 


12 


172 


/ 












6 


11 


151 


/ 











Table 2. Potential duals for fibered T 2 and abelian instantons. The / or X in the last column 
indicate whether the Hodge numbers appear in the database of known Calabi-Yau three-folds main- 
tained at http://cyexplorer.benjaminjurke.net. 

fibrations and do not admit elliptic fibrations. We leave this for future investigation and 
instead turn to some examples with h ' = 2. 

4.2 IIA/heterotic dual pairs with two vector multiplets 

One of the earliest examples of IIA/heterotic duality was obtained as follows [1]. The 
Eg x Eg heterotic string was compactified to d = 8 on a T 2 with r = p, leading to an 
enhanced gauge symmetry U(l) 2 x SU(2) xE§x Eg. This was then compactified further 
on a K3 manifold M with instantons 

SU(2) C2=4 x SU(2) C2=10 x SU(2) C2=10 C SU(2) x Eg x Eg, (4.6) 

leaving a four-dimensional theory with gauge group U(l) 2 x E 7 x E 7 with 3 56s for each 
E7. Higgsing the E7 x E7 leads to Ny = 2 and Nh = 129, suggesting a dual Calabi-Yau 
geometry with h 1 ' 1 = 2 and h 1,2 = 128. A comparison of the vector moduli space geometry 
in the two descriptions [64] offered a compelling test of the duality. 

It is instructive to carry out the same construction with more general values of instan- 
ton numbers 

SU(2) C2=i;o x SU(2) C2=fcl x SU(2) C2=fc2 C SU(2) x E 8 x Eg, k + h + k 2 = 24. (4.7) 

In order to have irreducible SU(2) connections we require feo,i,2 > 2, in which case the 
dimension of the moduli space is given by (3.1). Using the decomposition Eg — > SU(2) x E7, 
under which 



248 = (3,1) + (2, 56) + (1,133), 



(4.8) 



and the index theorem, we see that the E7 x E7-charged matter spectrum consists of 19 

(±A;i - 2) x (56, 1) + (\k 2 - 2) x (1, 56). (4.9) 

A necessary requirement to completely Higgs E7 x E7 is k\ % > 9. If we assume that 
complete Higgsing is possible for k\ 2 > 9, then on that Higgs branch we obtain a theory 
with G = U(l) 2 and a number of possibilities for the number of G-neutral hypermultiplets 

(fci,fc a ) N° H 

(9. 9) 73 

(9. 10) 101 

(9. 11) ; (10, 10) 129 

(9. 12) ; (10, 11) 156 

(9. 13) ; (10, 12); (11, 11) 184 

The middle row with k\ = k 2 = 10 is the example discussed above. What of the first two 
rows? The corresponding Calabi-Yau three-folds exist, and they are indeed K3-fibered. 
They were constructed as co-dimension 2 complete intersections in toric varieties [63]. 
There are no known examples of Calabi-Yau three-folds that could realize the spectra of 
the last two rows. 

Our assumption about complete Higgsing may be too naive in the k = 9 case. The 
trouble is that sequential Higgsing G — >■ G\ — >■ G 2 — >• •••—>• 1, where at each step a 
vacuum expectation value is assigned to a single irreducible representation, does not lead 
to complete Higgsing. 20 As we discuss in appendix B, there is no trouble in choosing 
expectation values of the hypermultiplets so that the stabilizer subgroup is trivial; however, 
showing that such a configuration is indeed a supersymmetric vacuum is fairly involved. 
We have not been able to find a solution. Nevertheless, we find it encouraging that there 
exist Calabi-Yau manifolds as potential duals for k = 9 theories with full Higgsing. We 
will find a few more encouraging hints of that sort in what follows. It will be interesting to 
explore this in more detail and determine whether the "matching" Calabi-Yau manifolds 
are just a fluke, or whether complete non-sequential Higgsing is possible for k = 9. 

4.3 Flux vacua from 8 dimensions 

In this section we will use a variation of the construction of [1] to construct a heterotic 
flux vacuum potentially dual to an interesting K3-fibered CY manifold with h ' l = 2 and 
h 1,2 = 44. We begin by compactifying the Es x Eg string on a T 2 with Qjj = ^-Sjj, 6 = 
and a Wilson line that breaks Es — > U(l) x E7. Next, we compactify further on a K3 M 

19 Since 56 is pseudo-real, it is possible to have half-hypermultiplets; since 774^7) = an odd number of 
half-hypermultiplets does not lead to a global anomaly. 

20 Sequential chains have been extensively studied in the context of type II/heterotic duality, with succes- 
sive gaugings often finding a combinatorial interpretation in a "chain" of reflexive polytopes, e.g. [67, 68]. 
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and fiber T 2 by choosing line bundles L\ and L 2 with 



fc = -^ci(L 1 ) 2 -i Cl (L 2 ) 2 >4. (4.11) 

In view of the discussion in section 3.2, there is no trouble in achieving this with a smooth 
M. In addition to fibering the torus, we also embed two SU(2) instantons in the non-abelian 
gauge group: 

SU(2) fcl x SU(2) fc2 C E 7 x E 8 . (4.12) 

Anomaly cancelation (2.62) requires ko + k\ + ki = 24, and the SU(2) connections are 
irreducible for k\^ > 2. This leads to a massless spectrum with gauge group G = U(l) 2 x 
SO(12) x E 7 , 

Nfj = 20 - 2 + (2k - 3) + (2k! - 3) + (2ki - 3) = 57 (4.13) 

neutral hypermultiplets and 

N+ = (%- 2)(32, 1) + (*a - 2)(1, 56) (4.14) 

charged hypermultiplets. When k\ > 6 there is no obstruction to sequential Higgsing of 

SO(12) via the chain SO(12) -> SO(ll) -> ► SO(7) -> G 2 -> SU(3) -> 1. 21 Assuming 

full Higgsing of the non-abelian factors, we obtain a theory with G = U(l) 2 and 

N° H = 357 - 30/co - 12fci (4.15) 

neutral hypermultiplets. Not all massless spectra obtained in this way can be matched 
by known Calabi-Yau geometries; however, there are two examples that are particularly 
interesting: 

{koMM = (8,6,10) <1+ (h 1 ' 1 ^ 1 ' 2 ) = (2,44) 

(ko, kiM) = (7, 7, 10) ^ (h 1 ' 1 , /t 1 ' 2 ) = (2, 62). (4.16) 

These K3 fibrations were constructed in [63]. 

If it is possible to completely Higgs E7 with 5 half-hypers, then we find some additional 
interesting possibilities: 

(kaMM) = (6,9,9) A (h 1 ' 1 ,^ 2 ) = (2,68) 
(ko, h, k 2 ) = (5, 10, 9) <A (h 1 ' 1 , h 1 ' 2 ) = (2, 86). (4.17) 

The first of these possibilities is a K3 fibration realized by a co-dimension 2 complete 
intersection in IP112222 [5], the second is realized by the familiar octic in Pfi222- 

These few examples are of course not meant to be exhaustive; we provide them just 

21 Further details on the Higgsing are given in appendix B. 
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to illustrate that it is relatively easy to obtain interesting potential duals. Of course 
matching two non-negative integers from a fairly dense list of known Calabi-Yau three- 
folds is not by any means a proof of the duality. It will be interesting to study this further 
by matching vector moduli prepotentials. We leave further exploration of possible duals 
and more detailed checks of duality to future work. However, we hope we have convinced 
the reader that by including heterotic fluxes many new possibilities become available, even 
with relatively low Hodge numbers. 

4.4 T-duality orbits 

We end our discussion of flux vacua and their duals with a comment on T-duality. Heterotic 
compactifications on principal T n bundles admit a rich structure of T-dual orbits, which 
include physically equivalent vacua with topologically different backgrounds. For instance, 
it is possible to "trade" a fibered torus direction for an abelian instanton embedded in the 
gauge group [69]. 

Despite this large equivalence, it is important to keep in mind that there are non-trivial 
restrictions on possible T-dual pairs. For instance, consider the T-duality orbit of aT 2 x 
K3 compactification. The perturbative gauge symmetry of the resulting four-dimensional 
vacuum necessarily includes a U(l) 3 symmetry. Since T-duality is a symmetry of the 
conformal field theory, every vacuum on the T-duality orbit will also contain the U(l) 3 
factor. So, in particular, any heterotic flux vacuum without a U(l) 3 factor in its classical 
gauge group cannot be on the T-duality orbit of a theory given by a trivial fibration. Of 
course theories can still be connected by motion in the moduli space; however, that goes 
beyond considerations of T-duality orbits. 

5 Fibered WZW models with (0,2) + (0,4) supersymmetry 

In this section we return to consider the Ny = 2, Njj = 129 example of [1]. Our goal is to 
demonstrate that the heterotic description can be thought of as a flux vacuum, where the 
toroidal degrees of freedom are fibered over a K3 base M. The idea is simple: we present 
the torus with r = p as a WZW model and then construct the (0,2)+(0,4) fibration over a 
K3 M by gauging the left-moving SU(2) symmetry of the WZW theory. 

This is of course not a new idea. Gauged WZW models [70, 71] have been used to 
construct examples of (0,2)-preserving vacua [72]. The construction of heterotic flux vacua 
in this fashion was exploited in [73] , where a gauged WZW model was coupled to a gauged 
linear sigma model description of the base. The novelty of our presentation of the fibration 
over the NLSM is the manifest (0,2)+(0,4) worldsheet supersymmetry. 

5.1 WZW models with (0,1) supersymmetry 

To construct the gauge-invariant action the worldsheet X is presented as a boundary of 
a three-manifold N: dN = S; we fix a Lie group G with Lie algebra q, a representation 
p : G — >■ GL(Vp), denote maps £ — > p(G) by g and their extensions to N by g; the associated 
Maurer-Cartan form pulled back to £ (N) is denoted u (u>); u = g~ 1 dg. Finally, we 
introduce a set of worldsheet fermions x G p(q) <S> K% . 
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The level k € Z>o (0,1) super symmetric WZW action is [74, 75] 

Sg = ^ [ d 2 z [tr^g-^g} - tr p { X d X }] - ^- f tr p {cD 3 }. (5.1) 

The representation p is the smallest representation for which e~ s ° is independent of the 
choice of N for any integer k. For instance, for G = SU(n) p is the fundamental represen- 
tation. In what follows we will drop the representation label p. 
Under variations 5g and 5 X , the change in the action is 

6S G = ^J d 2 z [Mg-^gcW} - tr{5 X d X }} ■ (5.2) 

Defining 

ui = Uz=g~ l dg, to = dgg' 1 = gu^g -1 , (5.3) 
and using the identity dui = gdiUg" 1 , we find the equations of motion 

du = 0, Boo = 0, <9x = 0. (5.4) 
The action Sq is invariant under the (0,1) supersymmetry 

*Oi-g = gXj *Oi-x = -(5? + xx)- ( 5 - 5 ) 
We wish to couple this theory to the base NLSM for a K3 M with action 22 



'base n 

27TQ!' 



(5.6) 

This is invariant under iQ 1 ■ (f>^ = tpl 1 and iQi ■ ^ = —d(p^. 
5.2 The fibration 

The currents uJ and oj correspond to the chiral symmetries <5g = U(z)g + gV(z), where 
U, V 6 g. The fibration is achieved by demanding that the total action is invariant under 
5g = Ug, where U is the pull-back to the worldsheet of a map M — > Q. This requires the 
introduction of a g-valued gauge field A with 5i/A = —dU — [A, U]. In what follows, we 
will use a short-hand to denote various pull-backs of A: 

A Z = A^, A Y = A^, A^ = A^. (5.7) 



22 In this section latin indices are the coordinate indices on M. We will ignore the left-moving fermions 
as they play no essential role in the fibration. 
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Gauge invariance of the bosonic theory 

The first step in constructing a gauge-invariant theory is to introduce the minimal coupling 
ojAz to cancel 

S V S G = — ( d 2 zti{Udu}. (5.8) 
2vr J 

The resulting action is still not gauge- invariant, but there is a unique coupling quadratic 
in A such that 5u(Sg + Sa) takes a canonical form [75]. Namely, we take 

k f 

S\ os = -— / d 2 z tr{A x Ag + 2uAg}, so that (5.9) 
4vr J 

SuSa 08 = -5uS G os + — J d 2 zir{UdA^}d(^d^. (5.10) 
The last term can be canceled by a transformation of the 5-field: 

5 u B = -^tr{UdA}, (5.11) 
leading to a gauge-invariant three-form 

H = dB-^CS 3 (A). (5.12) 

Note that here the shift dB — > H arises at the level of the classical action. Including the 
one-loop contributions we described above will shift T~L by CS3(5 + ) and CS3(*A), but we 
will concentrate on the classical terms due to gauging the WZW symmetry. 

A supersymmetric fibration 

It is possible to extend the construction to maintain (0,1) supersymmetry. It turns out that 
supersymmetry requires us to postulate gauge transformations of the %: 5ux = g -1 dU (U gV j/J ', 
and the action takes a simple form when written in terms of the gauge-invariant fermions 
X = x + g 1 A/>g- 23 The supersymmetry transformations, when written in terms of X are 
a bit more complicated: 

iQ 1 ■ g = gX - A^g, iQ x -X = -{uj + XX + g-\A--\F^^)g), (5.13) 



23 These might with good reason remind the reader of the gauge- invariant ty 1 = ip 1 + A{ip x we met in the 
torus fibration. 
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where F = dA + A 2 . The full supersymmetric fibered action is then a sum of three terms: 

SA = ~^j d2ztl { A * A - + MA- - \F^r) - A z F^r}- (5-14) 

All the fermionic terms are explicitly gauge-invariant except for the term proportional to 
tr{(w + A z )F llu }\ it is not hard to show that it too is gauge- invariant. 

Projection of the right-moving fermions 

The degrees of freedom of the fibered WZW theory are not quite appropriate for our 
heterotic considerations: there are too many right-moving fermions X . The left and right 
central charges of the (0,1) WZW theory are 

A;dimg _ dimg 

C = TTV c = c+ —- (5 - 15) 

For our application we need a level 1 g = su(2) ® u(l) current algebra with (c, c) = (2,3). 
To obtain the correct theory the X should be valued in the Cartan subalgebra t) C g. 

To carry out this reduction of degrees of freedom in a supersymmetric fashion, we pick 
a projector Ilf, : g — > rj satisfying 

tT{xIlt j (y)} = tr{yll t) (x)} for all x, y G g . (5.16) 

By construction n^A^) = X, and we form a modified supercharge Qf cw = Q° ld on (j), ip 
and g, while 

iQf w • X = iU h (Q old ■ X) = -n 6 (w + XX- g-^^Qi • + Al)g). (5.17) 

This remains a symmetry of the action since we only modified the variation of the X and 

tr{(Q? ld • X)8X} = tr{(Q? ld • X)ILf,dX} = tr{(Qf w • X)dX}. (5.18) 

This result holds for a general sub-algebra fj C g. When f) is a Cartan subalgebra there 
are some important simplifications. For instance, we can drop the XX term from iQ 1 ■ X; 
also (Qi) 2 • X = dX . Note, however, that (Qi) 2 ■ g is not just a standard translation; even 
for A = and f) Cartan, we find (Qi) 2 ■ g = gll^g -1 ^. 

5.3 Enhanced supersymmetry 

We will now show that the supersymmetry can be further enhanced to the (0,2)+(0,4) 
structure. The first step is to establish the necessary U(l) x SU(2) R-symmetries with 
generators r and R a as in section 2.4. The U(l) generator r corresponds to a trace- 
compatible complex structure on fi [72]. That is, a map X : f) — > f) satisfying I 2 = — 1 
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and 



tT(j{xI(y)} = — tT{,{X(x)y} for all x,yet). (5.19) 

This is an integrable complex structure on the corresponding Lie group H if I satisfies 
an analogue of the vanishing of the Nijenhuis tensor. 24 This holds for t) abelian. Having 
chosen such an X, we take the non-trivial action of the R-symmetry generators as 

r-X = -il(X), R a ■ V = -iKvV, (5.20) 

where the tC a are the three anti-commuting complex structures of the base M. Recall from 
section 2.4 that the three Hermitian forms J afl \ = K, v a ^g v \ satisfy dJ a = j3 A J a . These are 
symmetries of the full fibered action provided that the curvature F of the fibration is ASD, 
and % = — * g (3, as in section 2.4. 

Diagonal (0,2) supersymmetries 

The remaining supercharges can be constructed via commutators of the R-charges and Qi, 
but there is a slight complication as compared to the construction given above: Because 
P = Q\ does not simply act as 8 on g, it is not obvious that the R-symmetries commute 
with P. However, an explicit computation shows this to be the case. We just give the 
details for 

[(iQrf, r]- e = iQ 1 - (igl(X)) + [iQ 1} r] • (gX - Apg) 

= i(gX - A 4 ,g)Z{X) - gl(Q 1 • X) + igZ(X)X + gX(Q 1 • X) + iA 4 ,gL(X) 
= 0. (5.21) 

Using the ASD property of F we can also show [{iQi) 2 , R a ] ■ g = 0. 

Let us show that Q 1 , P, R = r + R3 and Q 2 = i[Qi, R] satisfy a (0,2) algebra. The 
statement is obvious on the base fields. On the WZW fields we find 

Q 2 g = -R {iQi ■ g) = igLX - A K . Ai ,g, 

Q 2 X = iQ l {-iI(X)) - R ■ (iQ 1 • X) = Z{Q l X). (5.22) 

Because R commutes with P, the algebra will close as expected provided we can show 
i[R, Q 2 ] = iQi- This indeed holds: 

i[R, Q2] ■ g = iR Q2 ■ g = iR[igF{X) - iAj^g] = igl 2 (X) - iA^g 

= -igX + iA^g = Q 1 -g- 
i[R, Q 2 ] X = iR (1(Q 1 • X)) - iQ 2 • {-iT{X)) = -Z 2 {Q 1 ■ X) = Q 1 ■ X. (5.23) 

Clearly we generate a second (0,2) symmetry by sending r — > —r. 

24 A complex structure I on a Lie algebra with generators T' and bracket [Ti,Tj] — C^Th is integrable 
iff Cij n T^X l m — C in ^X^X'j +C m j — Ci^I^X^ = 0. Such structures exist on all even-dimensional Lie algebras, 
leading to many examples of non-Kahler complex manifolds [76]. 
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Further enhancement to (0,2) + (0,4) 

We will now demonstrate further enhancement with (0,2) generators q A , r, p with non- 
trivial commutation relations 

[r, q A ] = ieABQB, {qA, Qb} = 25 A bP (5.24) 
and (0,4) generators R a , Qo, Q a and P with non-trivial commutators 

[Ra, Rb] = 2ie abc R c , [Ra, Qo] = iQ a , [R a , Qb] = -i$abQo + itabcQc, 
{Qa,Qb} = 25 ab P, Ql = P. (5.25) 

The strategy is the same as in [27]. Using the two diagonal (0,2) sub-algebras constructed 
above, we define the generators 

q 2 = -i[r,Q 1 ], q x = i[r,Q 2 ], P = q 2 , 

Qa = -i[R a ,Qi], Qo = Qi~qi, P = P-p. (5.26) 

Since r annihilates the base fields, we see that r, qA,P leave (</>, ip) invariant, while Qo, Q a , R a 
and P generate a (0,4) algebra on them, with the explicit generators acting as 

Q a -r = -ifc^r, Q a -v = -iKM - nc^rv- (5.27) 

The action on the WZW fields is 

qi-g = -igX, q 2 ■ g = +igl(X), Q ■ g = iA^g, Q a ■ g = -iA Ka ^g, 
q 1 -X = Q 1 -X, q 2 -X =1(Q 1 -X), Q ■ X = 0, Q a ■ X = 0. (5.28) 

Using Jacobi identities we can show that the algebra will close to (0,2)+(0,4) if and only if 

[r, Ra] = 0, [Ra, R b ] = 2ie abc R c , 
[Ra, Qa] = 0, [r, qi ] = iq 2 , [R a , Q b ] + [R b , Q a ] = 0, a + b. (5.29) 

These are satisfied on (eft, ip), so all that remains is to check the relations on g and X. The 
first two are obviously satisfied; next we have 

[Ra, q A ]-g = Ra- (QA • g) = 0; [Ra, q A ]-X = R a - (q A ■ X) = 0. (5.30) 

It is also easy to see 

[r, qy] ■ g = r ■ (qi ■ g) = -ir ■ (gX) = -gl(X) = iq 2 ■ g, 
[r, qi]-X= - qi -(r-X)= iX{Q 1 ■ X) = iq 2 ■ X. (5.31) 
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Finally, we have [R a , Qb] ■ X = and 



[Ra,Qb]-g = Ra-(Qb-g) 



(5.32) 



Since {K. a , JC b } 



25 a b, we see that for a ^ b 



([Ra, Q b ] + [Rb, Qa\) ■ g = ~A {KM tp = 0. 



(5.33) 



Thus, the fibered WZW construction of the Ny = 2, Njj = 129 example from [1] realizes 
the expected (0,2)+(0,4) supersymmetry. It is indeed a heterotic flux vacuum, where the 
symmetry currents of T 2 (in this case enhanced to su(2) ©u(l)) are gauged over a K3 base. 
The Chern-Simons form for the connection associated to the fibered su(2) contributes to 
% in the same fashion as that of the connection A for the left-moving fermions, but the 
requisite shift and accompanying terms in the action can already be seen at tree-level in 



6 Discussion 

We explored a number of aspects of perturbative heterotic vacua with N=2 spacetime 
supersymmetry in four dimensions. The requirement of (0,2) + (0,4) worldsheet supersym- 
metry leads to stringent constraints on the background geometry and bundle, essentially 
reducing the non-trivial geometric structure to a choice of bundle over a K3 surface. The 
existence of these vacua requires a balancing between tree-level and one-loop terms in the 
a 1 expansion, and the massless deformations are constrained by flux quantization. We 
explored these effects from the worldsheet perspective, and the qualitative conclusion is 
that, as far as geometric vacua are concerned, we have a fairly complete description. This 
is should be contrasted with N=l heterotic vacua, where there is not even a topological 
classification of base manifolds; moreover, genuine non-geometric vacua are expected to be 
at least as ubiquitous as geometric ones [77]. 

The main motivation for our study was to understand how heterotic flux vacua fit into 
type II/heretoric duality. Fairly basic considerations lead to the hypothesis that the type 
II duals of heterotic vacua should be based on K3-fibered three-folds lacking a compatible 
elliptic fibration with section. Following this, we constructed a number of interesting 
potential dual pairs. It will be interesting to test the proposal in more detail and use it 
to extend the class of known dual pairs. One of the surprises of our exploration was the 
possibility of non-sequential Higgsing raised in section 4.2; it would be nice to settle this 
either affirmatively or negatively. 

Another interesting direction to pursue is to explore the duality by starting with the 
d = 8 equivalence between F-theory on a K3 and the heterotic string on T 2 . 25 Fibering 
these dual descriptions over a base K3 should provide a concrete proposal not only for 
potential dual pairs but also for the map of the corresponding moduli spaces. This set of 

25 This has already been used in explorations of N=2, d = 4 dualities [78], and more recently for the 
purpose of identifying non-geometric heterotic backgrounds in [77]. 
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examples may also be a useful laboratory for exploring F-theoretic G-flux in a controlled 
(i.e. N=2 ) setting. We hope to return to these questions in the future. 

A Details of the background field expansion 

The computation of the effective action quoted in (2.16) proceeds in three steps, all of them 
reasonably well-understood. 

First, we split the fields into a background and quantum contributions, using geodesic 
normal coordinates. We then expand the action about a background that satisfies the 
classical equations of motion, keeping terms quadratic in the quantum fields. This is 
sufficient to compute the effective action to quadratic order in A and S + . The necessary 
methodology is well described in [79]. 

Second, we evaluate the quadratic contributions to the effective action. As these are 
one-loop computations, there is no need for supergraph machinery; instead, we compute 
directly using superspace OPEs, taking care to regularize divergences and evaluating con- 
tributions from certain canonical contact terms. The latter were described in [80]. 

Finally, by using the background equations of motion, we isolate the non-covariant 
terms. We then check that the gauge variation of these terms can be canceled by adding a 
local counter-term and shifting B appropriately. Our final result agrees with [19], but we 
hope that presenting the additional details makes the derivation a bit clearer. 

A.l Covariant background superfields 

Let 3>(s) and A(s) denote a one-parameter family of fields with derivatives 

S s = X s = -^-A + E%($)A (A.l) 

that satisfy the parallel transport equations 

S^ + r^($)E^ = 0, V s ^ = 0, (A.2) 

with V s the covariant derivative constructed with the gauge connection A(&). The back- 
ground (<£, A) specifies the initial values $(0) = and A(0) = A, and we take the quantum 
fields to be S = ^ s =o an d X = X s= q. With this in mind, we obtain the action for the 
fluctuations by solving the geodesic equations in a power-series around s = and expanding 

oo n 

S($,A) = V^5 n ($,A;S,^). (A.3) 
L — ' n! 

n=0 

The n-th term is the 0(n) term in the expansion of the action in the fluctuating fields. The 
great virtue of this "geodesic expansion", appreciated early on [81, 82], is that the resulting 
quantum action is explicitly target space diffeomorphism-invariant. As emphasized in [79], 
extracting the terms order by order is greatly simplified by using a covariant derivative and 
not the naive d/ds. If we assume that the background fields satisfy the classical equations 
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of motion (2.8), then the O(s) terms vanish, and the leading terms in the expansion of (2.7) 
have the action S2 = 3— / d 2 z£2 with 



£2 = g a gD-J: a D^ + YPJpdW®' 



2 " — 4 

- X T D e X + 2£>^£^ T J^A + \Y, v D e ^k T T Vil k + ip$ /i S^S A A T V A J c '^A, 

(A.4) 

where 

DgX = VX + VQA^X, (A.5) 

i7 = dB, and 

DJE Q = S£ a + d^(T^ - |^ 7 )ST, D+E" = PS^ + P$"(r^ + |^ 5 )S a . (A.6) 

The final step is to re-express the E^ in terms of the more convenient frame bundle fields 
E a . We introduce a vielbein and its inverse E afl such that = e^e" and write the 
action in terms of E a = e"E M . The result is 

£2 = (3£ a + d$ A S^ afe E fe )(£>E a + X>$^S+ oc E c ) + T, a Z b d^V<5>"R+ abu 
- X T {VX + V$ X A\X) + 2£><^E a A ,T J%A 

+ iE a (PE 6 + D$yf£ c )A T J- ab A + |£>$' i E E 6 A T V&.Fa M A, (A.7) 



where 



£? + P« 171/3 



(A. 



w is the torsion-free, metric compatible spin connection, and, as in (2.11), 

S± ab = u f ± \E aa E hv H aXv . (A.9) 
A. 2 The quadratic effective action 

Having written down the quadratic action, we are ready to compute the one-loop corrections 
to the effective action that are quadratic in the background fields A, and oj. This is a 
very special set of terms because we can compute them just by considering the terms in 
£2; w e do not need the 0(s 3 ) or higher terms in the quantum action. 

Free theory and supersymmetric contact terms 

We expand around the free theory with action 

5 free = J d 2 zd0 [<9E a PS a - X T VX] . (A.IO) 
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The super OPEs 

sAB 

E (zi)S 6 (2! 2 ) ~ -5 ab log(zi 2 (2i2 " W) * A (*i)* B (z 2 ) (A.ll) 

Zl2 

determine all correlators by Wick's theorem. It is a familiar fact that sufficiently singular 
functions of Z12 are non-holomorphic due to contact terms (e.g. d\z^ 2 l = 27r5 2 (zi 2 , Z12)); 
similarly, they also carry a 9 dependence if we wish them to be supersymmetric [80]. That 
is 

C(Si + Q2)— = = -27r^ 2 (z 12 ,zi 2 ). (A.12) 

^12 £12 

In fact, one can define a ^-independent "principal part" of by 

— = P— - 2ire 1 6 2 5 2 (z 1 2,z 12 ). (A.13) 
^12 Z12 

An important consequence for what follows is 

V lZ ^ = 2tt(0i - e 2 )5 2 (zi2,z 12 ). (A.14) 
The interaction Lagrangian 

To express the interaction Lagrangian of (A. 7) succinctly, we introduce a short-hand for 
various pull-backs from the target space; for example, Sf ab = V^S^ ab , Sf ab = d& tJ, S^ ab , 
etc. With this notation the interaction terms linear in the background are 

£ int = 8Z a S+ ab Z b + VZ a {S~ ab - lA T T ab A)Z b - X T A e X 

- TL a X T T aQ A + E a S 6 (i?+ (a6)0 - ±A T V \ b F a)e K). (A.15) 

At quadratic order, the terms in the first line have no non-trivial contractions with those in 
the second line. 26 Since the contractions among terms from the second line yield explicitly 
covariant terms, we can concentrate on the quadratic terms due to 

£{ nt = dT, a S+ ab Y, b + VY, a T ab Z b - X T A e X, T ab = S~ ab - ±A T T ab A. (A.16) 

At quadratic order in the background, the possible contractions of these interactions yield 
either 0(A 2 ) or 0(SV) terms; we consider these in turn. 

The X contributions 

The 0{A 2 ) correction to the partition function is 

AZx= l_J M ^ 2dQ \ x(A 16 X x x X^eK), (A.17) 



^Either a full contraction is impossible, or it is zero due to symmetry properties under a -H- b. 
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where the correlator is to be evaluated with free field OPEs. The result, interpreted as a 
term in the effective action, is 



f d 2 z 1 d 2 z 2 d6 2 d6 1 tr{A w A 2e } /A . . 
AS * = -J (i^3 ^ • (A.18) 

As in the main text, the subscripts 1 and 2 refer to the superspace insertion of the field; 
thus A ie = >l M (*(«i))2?i*(*i), and V x = d i + 6 1 3 1 . 

The S contributions 

The 0{SV) terms are somewhat more involved. The main complication is due to the 
logarithm in the Xi£ 2 OPE. The resulting logarithms lead to IR divergences in the zi >2 
integrals. To handle these we regulate the OPE in a supersymmetric manner. Introducing 
the supersymmetric invariants 9\ 2 = 8± — 8 2 and £12 = ~Z\ 2 — 9i9 2 , we take the regulated 
two-point function to be 

(EfE|) = -5 ab A 12 , A 12 = log(z 12 C 12 + 1 2 ), (A.19) 
where I is a regulating lengthscale. Note that this is still explicitly supersymmetric, because 

R = 212C12 + & (A.20) 
is annihilated by (Qi + Q 2 ). With this regulator, we obtain 
d 2 z\d 2 z 2 dQ 2 dd\ fl 



AS E = J d Zld { ^ 2d()l [\ tr{S+S+}X + tr{S+T 2 }Y + \ tr{T x %}Z\ , (A.21) 



where 



X = i^a 2 A? 2 - 2c>iA 12 a 2 A 12 , 
Y = - X -d{D 2 A 2 2 + 2A 12 5!P 2 A 12 , 



Z = A 12 PiP 2 Ai 2 - V X A X2 V 2 A X2 . (A.22) 

To simplify these terms, we first note that since T>\A\ 2 = zi 2 6\ 2 R~ l , the second term in 
Z vanishes. The second term in X has a simple £ — > limit: 



-2d x A 12 d 2 A 12 = - _> - ; (A.23) 



_2Cl2 

(z 12 C 12 + ^ 2 ) 2 Z 12 



while the second term in Y is actually a UV-divergent local term since 



d 1 V 2 A 12 = 6 12 . _ ff2 . 2 — ► 2vr^ 12 ^(zi 2 ). (A.24) 

(Zl2^12 +^ 2 ) 2 <->0 
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Thus, up to a local counter-term, we find AS^ = AS\ + AS 2 with 



_ f d?Z 1 d?Z 2 d9 2 d9 1 r s+s+] 

A ^ = I tr{(ai<g + _ PlTl)( g 2tg + _ P2 r 2)}A f 2 . (A.25) 

The second contribution looks complicated, but fortunately we need not consider it. Up 
to terms of higher order in the background and using the classical equations of motion for 
$ and A, we find 

dS+ ab - VT ab = V^d$ x (dujf^ + \H\\ X + \H\ b ^). (A.26) 

This is invariant under the linearized Lorentz transformations, and we expect that incorpo- 
ration of higher order terms in the background will provide a fully covariant form for AS 2 . 
So, the non-covariant terms in the 0(SV) contribution to the one- loop effective action have, 
up to a crucial minus sign, the same form as AS4., and the combined non-covariant terms 
are 

AS= f d 2 z 1 d 2 z 2 d9 2 de 1 tv{S+S+ } - tr{A w A 29 } , A ^ 

To obtain the final form quoted in the text, we use z^ 2 = d2%\ 2 and rewrite 3Aq in a more 
convenient way up to background fields' equations of motion and higher order terms in A: 

dA e = dV$ x A x = V<S> x d<Z> p A x , P = V<S> x d<S> p dA pX + V{A Z ). (A.28) 
This agrees with the results originally obtained in [19] and quoted above in (2.16). 
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B N=2 Higgsing, sequential and otherwise 

Consider an N=2 four-dimensional gauge theory with gauge group G (Lie algebra q) and 
hypermultiplets transforming in (BcjT'q, where v a label irreducible representations of q. 
Each hypermultiplet has four real scalars, and each vector multiplet contributes an addi- 
tional complex scalar. N = 2 super symmetric vacua correspond to zeroes of the scalar 
potential, and the Higgs branch is the set of vacua where the vector multiplet scalars are 
set to zero. 

To describe the remaining constraints on the hypermultiplet expectation values on the 
Higgs branch, it is convenient to use an N=l superspace description, where a hypermultiplet 
in r is represented by two chiral multiplets Q and Q transforming in r and r respectively. 27 
The constraints on the scalar expectation values then arise as N=l D and F terms [85]. 
Denoting the Hermitian generators of g in v a by Ivl ra , the supersymmetry conditions are 

27 This is all well-known; a clear presentation is given in [83, 84]. We find it convenient to think of Q 
as column and Q as row vectors; we will also label the expectation values of the scalar fields by the same 
letters as the chiral multiplets. 
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that for every M ra we have 
(F-terms) ^Q Q M ra Q Q = 0, (D-terms) ^ Q ] a M ra Q a - Q a M Ta Q\ = 0. (B.l) 

a a 

For general G and matter content this describes a complicated hyper-Kahler quotient space. 
In general this is a reducible affine variety with many components of different dimensions 
and with different unbroken gauge symmetry. Some well-studied cases are the classical 
gauge groups with matter in fundamental representations [85, 86]; more recently there has 
been interesting work on more exotic theories, e.g. [87-89]. However, we are not aware 
of any algorithmic answer even to the very coarse question of when G can be broken 
completely. 

Since the N = 2 Higgs mechanism requires a vector multiplet to eat a full hypermul- 
tiplet, it is clear that a necessary condition is that the number of G-charged hypers should 
be greater than dimC However, this is certainly not sufficient. For instance [86], for 
G = SO(n c ) with nj hypermultiplets in n c this necessary condition for complete Higgsing 
is 2rif > n c — 1, but full Higgsing is only possible when nj > n c . 

It is much simpler to give sufficient conditions for partial Higgsing. For instance, 
suppose we have a hypermultiplet in a real representation r, so that the generators M r 
can be taken to be pure imaginary and hence anti-symmetric. Then it is easy to see that 
Q = Q = v for any real vector v £ r will solve the F- and D-terms. The unbroken gauge 
group is then the stabilizer subgroup H C G of the real vector v. In particular, we can 
always Higgs SO(n c ) with rif fundamental hypermultiplets to H = SO(n c — 1), rif — 1 
fundamental and rif H- neutral hypermultiplets. 

When r is complex or pseudo-real it is not in general possible to Higgs the theory by 
just giving an expectation value to a single hypermultiplet. The classic example of this 
is G = SU(n c ) with a single hypermultiplet in the fundamental [85]. Denoting the color 
index by i, the D- and F-term equations are equivalent to 

Q l Q j = v5 l j , Q ]i Qj -Q l Q) = p5), i/eC, p e R. (B.2) 

Without loss of generality we can assume Q / 0; the first equation then requires Q = 
and v = 0, in which case the second equation has no solution. 

We can do better when there are two or more hypermultiplets transforming in r. 
Denoting the N = 1 components of two of these by (Q,Q) and (q,q), we can solve the 
D-terms by setting Q = 0, q = 0, and q^ = Q = v for some v G r. 

The E7 theory with k half-hypermultiplets in 56 

Having covered those basic generalities, we turn to the E7 example discussed in the text. 
For k > 4 there are at least two full hypermultiplets in the pseudo-real 56, and by the 
discussion above we see that we can Higgs E7 to a stabilizer of a complex vector « G 56. 
From the decomposition of 56 = 27 + 27 + 2 x 1 under an Eg subgroup, we see that we can 
choose v so that the stabilizer is Eg . On this Higgs branch we obtain k — 2 hypermultiplets 
in 27 and (k — 1) Eg-singlets. If we assume k > 4, then using the steps outlined above, we 
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proceed to further sequential breaking via 



E 6 -> SO(10) -> SO(9) -> SO(8) -> SO(7) -> G 2 -> SU(3) 



(B.3) 



with a matter spectrum in the final step given by 



6(fc-5) x 3 + 5(2*;- 7) x 1. 



(B.4) 



When k > 5 there is plenty of matter to break SU(3) completely, but for k = 5 this sequence 
does not allow full breaking. When k = 4 this chain terminates at SO(8). 

Possible non-sequential Higgsing 

There is, however, another possibility: instead of breaking the gauge groups in steps, we 
might try to contrive the expectation values in such a way as to break the full group at once. 
In making such an attempt, there are two questions to consider: can we assign expectation 
values so that the stabilizer (i.e. the little group) of the configuration is trivial? can we do 
so while preserving supersymmetry? 

As far as trivial stabilizer is concerned, the answer is affirmative. A complex vector v 
in the 27 of ~Eq has four Eg invariants that can be constructed from the invariant tensors 
6% and d abc of the fundamental representation: 



These can be identified in a reasonably straightforward fashion by decomposing 27 with 
respect to SO(10) [90] or to SU(3) 3 [91]. An octonionic discussion in terms of SL(3, O) rep- 
resentations was given in [92]. The stabilizer of v depends on the values of the invariants. 
It is certainly possible to choose them so that v is stabilized by either F4 or SO(10). How- 
ever, the most generic choice leads to a smaller stabilizer of SO(8). Two more independent 
vectors of 27 are sufficient to reduce the stabilizer from SO(8) to 1. 

The real question, however, is whether the expectation values of the 3 27s can be chosen 
to lead to trivial stabilizer and to satisfy the supersymmetry conditions. We have not been 
able to find such a solution, nor have we been able to show that complete breaking is 
impossible. As a final point, we note that the failure of the particular sequence of Higgsing 
above should not dismay us. 28 For instance, in a SQCD theory with G = SU(2r) and 
rif =2r flavors there is a Higgs branch with an unbroken SU(r) symmetry and no charged 
matter, but there is also a branch where G is completely broken [85]. 
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